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Abstract
Systems of linear and nonlinear equations with fuzzy parameters are relevant to many practical problems arising in structure
mechanics, electrical engineering, ﬁnance, economics and physics. In this paper three methods for solving such equations are
discussed: method for outer interval solution of systems of linear equations depending linearly on interval parameters, fuzzy ﬁnite
element method proposed by Rama Rao and sensitivity analysis method. The performance and advantages of presented methods
are described with illustrative examples. Extended version of the present paper can be downloaded from the web page of the
UTEP [I. Skalna, M.V. Rama Rao, A. Pownuk, Systems of fuzzy equations in structural mechanics, The University of Texas at
El Paso, Department of Mathematical Sciences Research Reports Series, 〈http://www.math.utep.edu/preprints/2007/2007-01.pdf〉,
Texas Research Report No. 2007-01, 2007].
© 2007 Elsevier B.V. All rights reserved.
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1. Method for outer interval solution of systems of linear equations depending linearly on interval
parameters
1.1. Introduction
Many ﬁnancial, physical, engineering and electrical problems boil down to solution of linear systems of equations.
When the problem characteristics are imprecise, then the linear system of equations is no longer crisp. Imprecise or
unknown values of the system parameters can be modelled using probability distributions, intervals or fuzzy values.
In this section an efﬁcient method for solving parametric linear systems with elements linearly dependent on a vector
of fuzzy parameters is proposed.
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1.2. Description of the direct method
A system
A(p)x = b(p), (1)
where p ∈ FFk is a vector of fuzzy numbers, is called a parametric fuzzy linear system. The problem of solving the
fuzzy system (1) can be transformed [8] into an equivalent problem of solving a nested family of parametric linear
interval systems
A(p())x = b(p()),  ∈ [0, 1]. (2)
An efﬁcient direct method (DM) for solving parametric linear systems with elements linearly dependent on a set of
interval parameters
aij (p) = (i, j)Tp, bj (p) = (0, j)Tp, (3)
where  ∈ (Rk)n×n is a matrix of real k-dimensional vectors, has been proposed in [9]. The method can be used to
solve large systems with a large number of interval parameters. The method is based on the following theorem [9].
Theorem 1. Let A(p)x = b(p) with p ∈ IRk , R ∈ Rn×n, and x˜ ∈ Rn. If C ∈ IRn×n given by formula
Cij =
(
n∑
k=1
Rik(k, j)
)T
p (4)
is an H-matrix then
S(p) ⊆ x˜ + 〈C〉−1|Z|[−1, 1], (5)
with
Zi =
n∑
j=1
Rij
(
(0, j) −
n∑
k=1
x˜k(j, k)
)T
p. (6)
It is recommended to choose
R = A−1(pˇ) and x˜ = A−1(pˇ)b(pˇ) (7)
so that C and Z are of small norms (see [5, Theorem 4.1.10]).
1.3. Illustrative example
Consider a 20-ﬂoor cantilever truss structure as depicted in Fig. 1. There are 42 nodes, 81 beams, full support at
node 1 and partial support (sliding along Y-axis) at node 2. This results in 81 variables and 81 fuzzy parameters. Set
Young’s modulus E = 2.1 × 1011 Pa, cross-sectional area A= 0.005 m2, and the length of the vertical beams L= 1 m.
To compute the displacements of the nodes, the following parametric fuzzy linear system has to be solved:
K(s)d = Q(s), (8)
where K(s) is a fuzzy stiffness matrix, Q(s) is a fuzzy vector of forces, d is unknown vector of fuzzy displacements,
and s is a vector of fuzzy parameters. Assume the fuzzy parameters have the membership function
sij (x) =
{
e
4(m1−x)(x−m2)−(m2−m1)2
4(m2−x)(x−m1) , m1 <x <m2,
0 elsewhere,
(9)
where m1 =E ·A · (1 − ), m2 =E ·A · (1 + ). Results produced by the DM (for 10 -cuts) are presented in Table 1.
The differences between the shapes of the membership functions, depicted in Fig. 2, are signiﬁcant, especially for
small values of .
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Fig. 1. 20-ﬂoor cantilever truss structure.
Table 1
Results of the DM method: 10 -cuts
 x41 y41
0 [0.00568536, 0.00927714] [−0.331072,−0.0422026]
0.1 [0.00633381, 0.00862869] [−0.260963,−0.112312]
0.2 [0.00648488, 0.00847762] [−0.247216,−0.126059]
0.3 [0.00661057, 0.00835193] [−0.236577,−0.136698]
0.4 [0.00672633, 0.00823617] [−0.227446,−0.145829]
0.5 [0.00683787, 0.00812463] [−0.219279,−0.153996]
0.6 [0.0069482, 0.0080143] [−0.211839,−0.161436]
0.7 [0.00705947, 0.00790303] [−0.205015,−0.16826]
0.8 [0.007174, 0.0077885] [−0.198758,−0.174517]
0.9 [0.00729645, 0.00766605] [−0.193018,−0.180257]
1 [0.00748125, 0.00748125] [−0.186638,−0.186637]
2. Analysis of structures with multiples uncertainties using fuzzy ﬁnite element analysis
2.1. Linear interval equations for handling multiple uncertainties
Muhanna and Mullen [4] obtained a sharp enclosure to the structural response with uncertain Young’s modulus
using an element-by-element (EBE) model. Attempts by the authors to apply Muhanna’s approach in the presence
of load and material uncertainties resulted in an overestimated solution. It is found that the overestimation is due to
the coupling of elements of the interval load vector at the elemental level itself due to contribution of various interval
loads simultaneously acting on each element. Thus the Muhanna’s methodology is modiﬁed in the present work. Using
extension principle the uncertain potential energy is given as
 = {U}T[K]{U} − {U}T{P} + {}T{[C˜]{U} − {V }}, (10)
where , [K], [C˜], {U}, {P} and {} are potential energy, stiffness matrix, constraint matrix, displacement
vector and load vector and vector of Lagrange multipliers, respectively. Here  and  denote the level of uncertainty
associated with Young’s modulus and load (0,1). Constraints are imposed on coincident nodes as
[C˜]{U} = {0}. (11)
Using Rayleigh–Ritz approach and invoking the stationarity of  leads to
{U} = [R˜]−1[D]−1{{P} − [C˜]T{}}, (12)
where
[K] = [D][S˜], [R˜] = [S˜] + [C˜]T[C˜]. (13)
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Fig. 2. Comparison of the results of the DM method for 10 -cuts (gray thin line), 20 -cuts (black thin line) and 100 -cuts (black thick
line): (a) x41; (b) y41.
Here [S˜]n×n is a deterministic singular matrix and [D]n×n contains interval terms corresponding to uncertain Young’s
modulus. Here n is the total number of degrees of freedom of the structure. The vector {} in Eq. (12) is approximated
as
{} ≈ [l , u]{cc}. (14)
Substituting Eq. (14) in Eq. (12) leads to
[D][R˜]{U} = {{P} − [l , u][C˜]T{cc}}. (15)
Eq. (15) can be expressed as
{U} = [R˜]−1[M]{	}, (16)
where {	} contains terms of interval Young’s modulus of m elements taken from the diagonal entries of [D], the
solution vector {U} is obtained using Jansson’s algorithm [1]. Overestimation of displacement vector is eliminated
by keeping the contribution of the loads to the overall solution separate throughout the solution process. This is done
to eliminate overestimation due to coupling of load vector. The vector of internal forces for an element is obtained as
{}(e) = [l , u][K](e)[T ](e)[L][R˜]−1[M]{	} − {P}(e), (17)
where [L] is a Boolean connectivity matrix [T ](e) is the rotation transformation matrix for the element and md is
the number of degrees of freedom for the element. Eq. (16) is solved using Jansson’s algorithm [1]. In case of truss
structures with geometric uncertainty 
, and uncertainty of Young’s modulus at a level  and load uncertainty at
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Fig. 3. (a) Two-bay two-ﬂoor frame, (b) single bay truss.
Table 2
Displacements—two-bay two-ﬂoor frame
V4 × 10−6 (m) V9 × 10−6 (m) 9 × 10−6 (rad)
Lower Upper Lower Upper Lower Upper
Combinatorial −6.7640 −6.1548 −13.0697 −11.9207 5.6331 6.2691
Present −6.7660 −6.1530 −13.070 −11.920 5.624 6.279
Error 0.029% 0.029% 0.002% 0.006% 0.162% 0.16%
Table 3
Forces—two-bay two-ﬂoor frame
N1 (kN) V1 (kN) M1 (kNm)
Lower Upper Lower Upper Lower Upper
Combinatorial −149.676 −137.350 5.2608 5.8790 −14.1977 −12.5250
Present −151.090 −136.066 5.224 5.919 −14.297 −12.431
Error 0.944% 0.935% 0.699% 0.68% 0.699% 0.75%
level , Eq. (15) can be written as
{U
} = [R]−1[D
]−1{{P} − [l , u][C˜]T{cc}}. (18)
2.2. Example problems
The membership functions for material and load and geometric uncertainties are given in the research report [10].
The ﬁrst example is shown in Fig. 3 is a two-bay two-ﬂoor frame [11]. The cross-sectional areas are 0.4 and 0.6 m2
while the corresponding moments of inertia are 0.036 and 0.8 m4, respectively. Uncertainties adopted are = 0.9 and
= 0.6. The results for displacements of nodes 4 and 9 of the two-ﬂoor two-bay frame are given in Table 2. The shear
force, axial force and bending moment (at node 4) of column 1 are listed in Table 3. It is observed that in all cases
the present approach leads to sharp bounds of the exact solution of displacements and forces. The second example
shown in Fig. 3 is a single bay truss. Cross-sectional area of elements is 0.0025 m2 and Young’s modulus is 210 GPa.
Uncertainties adopted are = 
= 0.5 and = 0.75. Table 4 presents a comparison of the bounds of the displacements
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Table 4
Displacements—single bay truss (= 
= 0.5 and = 0.75)
Method U3 × 10−5 (m) V3 × 10−5 (m)
Lower Upper Lower Upper
Combinatorial 6.87142387 7.74767249 −2.02372121 −1.79484226
Present 6.87094143 7.74817381 −2.02385161 −1.79471463
Error 0.007% 0.0064% 0.0064% 0.007%
at node 3 obtained using the present approach and combinatorial solution. It is observed that in all cases the present
approach leads to sharp bounds of the exact solution of displacements and forces.
3. Approximate methods for solving systems of equations with interval parameters
3.1. Sensitivity analysis method
Let us consider a function u = u(p) where p ∈ p. If we know the sign of the derivative then
if
u(p)
pi
0, p−sui = p−i , p+sui = p+i , (19)
if
u(p)
pi
< 0, p−sui = p+i , p+sui = p−i . (20)
Now we can calculate upper and lower bound of the solution by using the endpoints of the interval p
u− = u(p−su), u+ = u(p+su), (21)
where p−su = [p−su1, . . . , p−sum]T, p+su = [p+su1, . . . , p+sum]T. Sensitivity analysis method gives the exact solution if the
function u = u(p) is monotone. It is important to note that sensitivity analysis method gives the inner estimation
of the exact solution set [6]. Examples of applications of sensitivity analysis method can be found on the web page
http://andrzej.pownuk.com.
3.2. Nonlinear problems of computational mechanics
In the case of parameter-dependent nonlinear equations
F(p, u)u = f (p), (22)
where F(p, u) is some nonlinear operator, f (p) is some function. After discretization we will get parameter-dependent
nonlinear system of algebraic equations
A(p, u)u = Q(p), p ∈ p. (23)
The sensitivity of the solution can be found from Eq. (23) or by using special algorithms e.g., [3]. The algorithm is
general and can be applied in conjunction with any discretization method (e.g., FDM, BEM, FVM, etc.).
3.3. Semi-analytical methods for solutions of equations with uncertain parameters
If we differentiate both sides of Eq. (22) with respect to uncertain parameters pi we will get some new equation
which contain derivatives u/pi

(
p0, u0,
u0
pi
)
= (p0, u0). (24)
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If we assume that we know the solution of the original equation (22) in the mid point p0 (i.e., u0) F(p0, u0)u0 =f (p0),
then we can ﬁnd the derivatives u/pi (sensitivity) from Eq. (24).
In this way it is possible to ﬁnd the exact solution by using sensitivity analysis method because this approach takes
into account also discretization errors.
3.4. Application of sensitivity analysis method as an extension of existing FEM code
The algorithm of calculation of sensitivity can be divided into two parts.
First we can calculate mid point solution u(p0)
K(p0)u(p0) = Q(p0), p0 = mid(p), (25)
where matrices K(p0) and Q(p0) can be calculated by existing FEM code. In the next step one can calculate sensitivity
u(p0)/pi from the equation
u(p0)
pi
= K−1(p0)
(
Q(p0)
pi
− K(p0)
pi
u(p0)
)
for i = 1, . . . , m, (26)
where K−1(p0) is known from the previous calculations. Step two of above described algorithm uses only the infor-
mation from the step one which can be calculated using existing FEM program.
3.5. Postprocessing of the interval solution in structural mechanics
Solution of the FEM equations is only a ﬁrst step in the calculations of strain, stress, von Misses strains, plastic
strains, crack growth, etc. For example stress () and strain () are calculated during postprocessing as a function of
displacement u and some other parameters p which are known. ij = ij (u(p), p), ij = ij (u(p), p). Sensitivity of
the stress and strain can be calculated in the following way:
ij
pk
=
∑
q
ij
uq
uq
pk
+ ij
pk
,
ij
pk
=
∑
q
ij
uq
uq
pk
+ ij
pk
. (27)
Functions ij /uq, ij /pk, ij /uq, ij /pk can be calculated explicitly. Functions uq/pk are known from
previous calculations, because sensitivity of the stress and strain (i.e., ij /pk, ij /pk) can be calculated without a
new solution of FEM equations. That simpliﬁes postprocessing of the interval solution.
3.6. Stability analysis, free vibrations and other problems of computational mechanics
Taylor expansion is a very universal approximation method. It can be applied to any sufﬁciently smooth problems
with uncertain parameters like stability analysis, free vibrations, dynamics and many others.
3.7. Higher order sensitivity analysis and monotonicity tests
The sensitivity analysis algorithm is based on the monotonicity assumptions of the function u=u(p) or u=u(x, p).
In order to verify the monotonicity of these functions one can check the sign of the Taylor expansion of the derivative
u(p0)/pi +∑j (2u(p0)/p2i )(pj −pj0)+· · · . It is also possible to study the behavior of the sign of the derivative
using Taylor expansion and then use that information to ﬁnd the extreme values of the function u=u(p) or u=u(x, p).
Higher order derivatives can be calculated after differentiating both sides of Eq. (26).
3.8. Parallel computing
The structure of the formula [10] for calculating higher order sensitivity nu/pi1 · · · pin allow us to calculate
simultaneously derivatives for different combinations of the indexes i1, . . . , in and different order of the derivatives
(i.e., different n). That allow us to apply in calculations grid and cluster computing [2]. The algorithm of calculation
of upper and lower bounds can be also parallel.
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4. Conclusions
Parametric linear systems with coefﬁcients being afﬁne linear functions of convex fuzzy parameters with compact
support have been studied. A method for approximating the vector solution of such systems has been introduced.
Conditions for existence of the vector solution have been given. It has been shown, using an illustrative example of
20-ﬂoor cantilever truss structure, that the method can be applied to large systems with a lot of fuzzy parameters. The
method is very efﬁcient and is easy to implement, which is very important for practical use.
In the present work the interval-based ﬁnite element model proposed by Muhanna and Mullen has been modiﬁed
to take into account the multiple uncertainties in load and Young’s modulus and cross-sectional area concomitantly. A
sharp enclosure to the solution vector is obtained by uncoupling of load vector by keeping the contribution of the loads
to the overall solution separate throughout the solution process. A new approximation to the vector of internal forces
is found to yield a sharp solution. The proposed method is illustrated by considering example problems of beams,
trusses and frames. Structural response is tabulated and is found to vary for various combinations of load and material
uncertainties. A comparison of the results obtained with other methods indicates the feasibility of obtaining sharp
bounds to the solution. The present methodology enables the designer to perform a detailed evaluation of the effect of
multiple uncertainties on the structural behavior.
If the relations between the solutions and uncertain parameters are monotone and sufﬁciently smooth, then it is
possible to get the exact interval solutions by using sensitivity analysis method. Sensitivity analysis can be applied also
to any sufﬁciently smooth problems (which are not necessarily monotone), for example, to static structural analysis,
dynamics, stability and many others. However in the case of nonmonotone problems it is necessary to apply more
complicated and time consuming optimization methods. Sensitivity analysis can be applied to the solution of linear and
nonlinear equations with the interval parameters. In order to avoid approximation errors it is possible to apply semi-
analytical methods. Sensitivity analysis method can be applied as an extension of existing FEM codes. In sensitivity
analysis approach postprocessing of the interval solution is simple and straightforward. In order to improve accuracy
of sensitivity analysis method it is possible to apply higher order monotonicity tests. Taylor expansion method can be
applied for obtaining a very fast solution. Due to nonlinearity of the functions ui = ui(p) the solution which is based
on Taylor expansion method is sometimes very inaccurate. Comparison between the sensitivity analysis method and
Taylor expansion method can be found in the paper [7].
All the three methods are found to yield accurate and computationally efﬁcient solution to the practical problems in
structural mechanics. Extended version of this paper was published as a UTEP Research Report [10].
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